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Abstract The effect of horizontal grid resolution on
the horizontal relative dispersion of particle pairs has
been investigated on a short time scale, i.e. one tidal
M2 cycle. Of particular interest is the tidal effect on
dispersion and transports in coastal waters where small-
scale flow features are important. A three-dimensional
ocean model has been applied to simulate the tidal flow
through the Moskstraumen Maelstrom outside Lofoten
in northern Norway, well known for its strong current
and whirlpools (Gjevik et al., Nature 388(6645):837–
838, 1997; Moe et al., Cont Shelf Res 22(3):485–504,
2002). Simulations with spatial resolution down to 50 m
have been carried out. Lagrangian tracers were pas-
sively advected with the flow, and Lyapunov expo-
nents and power law exponents have been calculated
to analyse the separation statistics. It is found that the
relative dispersion of particles on a short time scale
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(12–24 h) is very sensitive to the grid size and that
the spatial variability is also very large, ranging from 0
to 100 km2 over a distance of 100 m. This means that
models for prediction of transport and dispersion of
oil spills, fish eggs, sea lice etc. using a single diffusion
coefficient will be of limited value, unless the models
actually resolves the small-scale eddies of the tidal
current.

Keywords Relative dispersion · Grid resolution · Tidal
current · Whirlpool · Particle tracking · Lyapunov

1 Introduction

Accurate model prediction of relative dispersion of
particle pairs in complex current fields can be of con-
siderable value for several practical purposes, i.e. oil
spill, dispersion of sea lice and pollutants. An im-
portant question is what horizontal grid resolution is
required to predict dispersion accurately on different
time scales, from short time scales, i.e. one tidal cycle
to long time scales like months and years. The effect of
Eulerian spatial resolution on drifting particle pairs has
recently been studied extensively by Poje et al. (2010)
with an examination of several ocean models, a two-
dimensional turbulence model, ROMS and HYCOM,
on grid scales from 0.5 to 8 km and on time scales
from tidal periods to several months. Understanding
the properties of dispersion is also important in studies
of drifters and tracers, see, e.g. LaCasce (2008) and
Haza et al. (2007).

In many areas in coastal waters, flow and dispersion
is driven by the barotropic tide. Tidal effects on disper-
sion and transports are hence of particular interest and
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have been studied by several authors, e.g. Zimmerman
(1986), Geyer and Signell (1992), Signell and Butman
(1992), Ridderinkhof and Zimmerman (1992), Gjevik
(1996) and Orre et al. (2006) and references therein.

Our focus in this paper will be on the horizontal
relative dispersion of particle pairs in tidal currents
on a short time scale when small-scale flow features
are important. The site for our investigation is the
Moskstraumen Maelstrom outside Lofoten on the
northern coast of Norway (see Fig. 1) where the current
fields are known both from two-dimensional and three-
dimensional modelling. Moskstraumen is well known
for its strong current and whirlpools, see Gjevik et al.
(1997) and Moe et al. (2002). Tidal-driven currents
dominate wind-driven currents in the area. The sig-
nificant difference in tidal amplitude in Vestfjorden and
the shelf outside Lofoten combined with a complex
bathymetry causes strong tidal currents running with
total strength up to 3–5 ms−1.

New technology like increased computing power
and high-resolution bottom topography available from
multibeam surveys enable us to resolve small-scale flow
feature with improved accuracy. The Bergen ocean
model (Berntsen 2000) has been used for simulations
with 50, 100, 200, 400 and 800 m grid resolution. The
objective is to investigate the sensitivity of dispersion to
the horizontal grid size �x, �y. Simulations with both
homogeneous conditions and stratification have been
carried out in order to study the sensitivity of dispersion
to the density field ρ(z).
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Fig. 1 Location of the model domain on the northern coast of
Norway. Model domain is marked with a square box in the area
of Lofoten. Contour lines shows the bottom topography in the
area with depth in metres

Processes affecting the transport and dispersion of
fish eggs and larvae on long time scales (i.e. month-
years) has been studied previously. The periodical tidal
current in Moskstraumen combined with background
currents of order 0.1–0.3 ms−1 from the Norwegian
Coastal Current is found to introduce a tidal pump-
ing between Vestfjorden inside Lofotodden and the
shelf outside (Ommundsen 2002). Aadlandsvik (1994)
and Vikebø et al. (2007) simulated the transport of
eggs/larvae/juveniles of Arcto-Norwegian cod from the
Lofoten area with a coarse grid model that only resolve
the large-scale flow features which are important for
dispersion on long time scales. The area of Vestfjorden
and the Lofoten Islands is a region with complex cir-
culation dominated by the two major currents, the
Norwegian Coastal Current and the Norwegian At-
lantic Current. Mitchelson-Jacob and Sundby (2001)
discuss how complex bathymetry in the area and in-
teraction with tidal currents can modify these major
currents and induce mesoscale eddies, with diameter
20–60 km, revealed in the Vestfjord basin by satel-
lite tracked drifters. Slagstad and Tande (2007) and
Skarðhamar et al. (2007) investigated transport and
distribution of plankton on the shelf area of Northern
Norway.

Strong tidal currents have a crucial effect on disper-
sion and drift of pollutants in coastal waters. Transport
of pollutants, for instance from oil spills and industrial
activity, transport of sea lice or diseases from fish farms
and transport of discharged sewage may affect the
water quality and the natural marine ecosystems. Dis-
persion of oil spill was studied by Proctor et al. (1994).
After M.V. Braer ran aground near the southern tip of
the Shetland Island in January 1993, they used a high-
resolution model in an area with strong tidal current
for forecast and hindcast simulations of the oil spill.
Davies et al. (2000) investigated the spatial distribution
of currents and waves at the time of the Braer acci-
dent with a high-resolution model. They found that it
is essential to take account of wind wave turbulence
when modelling transport of pollutants in the surface
layer during major wind events. The oil spill model
OSCAR is described in Reed et al. (1999a, b) which
also provide a review of oil spill modelling. There is
also several works on dispersion of sea lice and diseases
from fish farms, e.g. Amundrud and Murray (2009) and
Gillibrand and Willis (2007).

2 The numerical model

The σ -coordinate ocean model (Bergen ocean model)
applied in the present studies is a three-dimensional
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(x, y, z) model described in Berntsen (2000) where
x and y are the horizontal Cartesian coordinates
and z the vertical coordinate. The model applies the
Boussinesq approximation and is here applied in a
hydrostatic form. It is available from www.math.uib.
no/BOM/. The model has recently been used for ide-
alized studies of internal wave generation and mixing
of flow over sills (Berntsen et al. 2008, 2009). The
governing equations are:

The continuity equation,

∇ × u + ∂w

∂z
= 0, (1)

and the Reynolds momentum equations,

∂u
∂t

+u × ∇u+w
∂u
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− fv = − 1
ρ0

∂p
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+ ∂

∂z

(
Av

∂u
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)
+ Fx,

(2)
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+ f u = − 1
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∂y

+ ∂

∂z

(
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∂v

∂z

)
+Fy,

(3)

ρg = −∂p
∂z

. (4)

In the equations above, u = (u, v) is the horizontal
velocity field, w the vertical velocity, t the time, f
Coriolis parameter, g is gravity, ρ is the density, ρ0 is
the reference density, p is pressure and Av vertical eddy
viscosity. The conservation equations for temperature
T and salinity S are given by

∂(T, S)

∂t
+ u × ∇(T, S) + w

∂(T, S)

∂z

= ∂

∂z

(
Kv

∂(T, S)

∂z

)
+ FT,S, (5)

where Kv is the vertical eddy diffusivity. The horizontal
eddy viscosity terms Fx and Fy and the horizontal
diffusivity terms FT and FS are given by

Fx,y = ∂

∂x

(
Ah

∂(u, v)

∂x

)
+ ∂

∂y

(
Ah

∂(u, v)

∂y

)
, (6)

FS,T = ∂

∂x

(
Kh

∂(S, T)

∂x

)
+ ∂

∂y

(
Kh

∂(S, T)

∂y

)
, (7)

where Ah is the horizontal eddy viscosity and Kh the
horizontal diffusivity.

The total pressure P is given by the pressure due
to the free surface elevation η and the internal pres-
sure, P = gρ0η + g

∫ 0
z ρ(ź)dź. The internal pressure is

neglected for the homogeneous case.
The variables are discretized on a C-grid. In the ver-

tical, the standard σ -transformation, σ = z−η

H+η
, where

H is the bottom depth, is applied. For advection of
momentum and density a total variance diminishing
(TVD) scheme with a superbee limiter described in
Yang and Przekwas (1992) is applied in the present
studies. The standard second-order Princeton ocean
model method is applied to estimate the internal pres-
sure gradients (Blumberg and Mellor 1987; Mellor
1996). The model is mode split with a method similar
to the splitting described in Berntsen et al. (1981) and
Kowalik and Murty (1993).

The time steps are performed with a predictor–
corrector method both in the internal time steps and
in the external time steps. The leapfrog method is used
as the predictor, and the fully implicit method is used as
the corrector.

2.1 Model setup and boundary conditions

High-resolution bottom topography based on multi-
beam bathymetric data from the Norwegian Hydro-
graphic Service is used to generate the bottom matrices.
The topography is shown in Fig. 2. Horizontally, the
grids applied are equidistant and the experiments are
run with horizontal grid size �x = �y equal to 50, 100,
200, 400 and 800 m in order to investigate how the
dispersion is affected by the grid size. In the vertical,
ten equidistant σ -layers are used in all experiments

Fig. 2 Bottom topography for the model area with the island
Værøy in southwest, Lofotodden in the north and the island
Mosken in between. Colour bar is depth in metres. The
figure also shows a circle with radius 10 km for calculations of
mean relative dispersion R2, a section (RHOSEC) for density
field ρ(z) and a section (FLUXSEC) for volume flux through
Moskstraumen

http://www.math.uib.no/BOM/
http://www.math.uib.no/BOM/
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Fig. 3 Profiles for the stratification used in the experiments. a Density and b salinity and temperature

(seven layers for the 50-m grid due to limited memory
on the available computer). In the experiments with
�x = 50 m the internal time step used is 3 s, and 30
external time steps are used for each internal step.
The time steps are scaled proportionally with �x in
the experiments with other grid resolutions in order to
keep the Courant number equal in all experiments. The
simulations are carried out for both homogenous con-
ditions and with stratification. For the stratified case,
horizontally uniform fields of temperature and salinity
representative for the area (from Engedahl et al. 1998)
are used as initial conditions. The vertical profiles of
temperature, salinity and density, typical for a summer
situation with strong stratification, are given in Fig. 3.
The Coriolis frequency f is equal to 1.3 × 10−4 s−1.

There is no flow through the sea bed or the closed
lateral boundaries. Free slip boundary conditions are

applied at the lateral boundaries in computing the non-
linear momentum advection term. Initially, the water
elevation is zero and there is no flow.

As a driving force, tidal elevation represented by
the main diurnal constituent M2 is forced into the
model domain through the open boundaries. Experi-
ments with additional tidal components are studied by
Orre et al. (2006) in Trondheimsleia. They conclude
that adding the next most energetic tidal constituent
S2 has only minor effects on the dispersion. We there-
fore focus on dispersion due to M2 tide in this work.
Amplitude and phase are specified in every grid cell at
the boundary, and the tidal elevation is calculated and
given for every time step.

At the open boundaries, ten grid cells wide flow
relaxation zones (Martinsen and Engedahl 1987)
are added to the computational domain. In the flow

Table 1 Mean value of
R2(T) × 10−6 in a circle in
Moskstraumen of radius
10 km, as a function of �x
and δ for the stratified case

T is time at the end of the M2
period

R2(T) × 10−6 (m2) δ (m)

�x (m) 50 100 200 400 800 1,600 2,400 3,200

50 12.787 18.915 27.517 38.964 56.257 81.186 104.540 125.955
100 15.580 24.525 37.187 54.683 79.980 98.009 111.842
200 14.755 27.010 44.983 71.437 92.568 107.611
400 11.589 23.118 45.051 65.133 84.470
800 5.689 15.036 26.928 38.455



Ocean Dynamics (2010) 60:907–920 911

Table 2 Sensitivity of the Lyapunov exponent λ and the power
law exponent c1 for δ = 800 m to the grid size �x for the stratified
(strat) and the homogeneous (hom) experiments

�x λ(strat) λ(hom) c1(strat) c1(hom)

(m) (day−1) (day−1)

50 4.260 3.932 1.611 1.591
100 4.171 4.135 1.606 1.604
200 4.151 4.114 1.579 1.571
400 3.518 3.895 1.538 1.541
800 2.079 2.610 1.415 1.441

relaxation zone, the water elevation is updated in each
time step according to

φ = (1 − α)φint + αφext, (8)

where φint contains the unrelaxed values computed by
the model and φext is a specified external value. The
relaxation parameter α varies smoothly from 1 at the
open boundary to 0 at the innermost cell of the bound-
ary zone, see Martinsen and Engedahl (1987).

The experiments are performed with constant val-
ues of vertical eddy viscosity Av = 2 × 10−3 m2 s−1

and vertical eddy diffusivity Kv = 10−7 m2 s−1. The
horizontal eddy viscosity Ah is computed according to
Smagorinsky (1963), by

Ah =Ch�x�y
1
2

[(
∂u
∂x

)2

+ 1
2

(
∂v

∂x
+ ∂u

∂y

)2

+
(

∂v

∂y

)2 ] 1
2

,

(9)

where Ch is a constant. In the mode split model, the
horizontal velocity components u and v are split accord-
ing to u = ū + u′ and v = v̄ + v′ where ū and v̄ are the
depth averaged values and u′ and v′ the corresponding
deviations. The viscosity Ah is acting on u′ and v′. The
same expression as in Eq. 9, with ū and v̄ replacing u
and v and Ch2d replacing Ch, is used to compute the
horizontal eddy viscosity Ah2d acting on the ū and v̄.
In our experiments, Ch = 0.25 and Ch2d = 2.0 except
in the experiments with �x = 50 m where Ch = 0.5

Table 3 Sensitivity of the Lyapunov exponent λ and the power
law exponent c1 for �x = 100 m to the initial separation δ

δ λ(strat) λ(hom) c1(strat) c1(hom)

(m) (day−1) (day−1)

100 6.893 6.704 1.392 1.382
200 6.040 5.829 1.465 1.455
400 5.120 4.996 1.537 1.531
800 4.171 4.135 1.606 1.604
1600 3.240 3.236 1.675 1.671
2400 2.672 2.695 1.703 1.707
3200 2.239 2.306 1.721 1.726

Fig. 4 Semi-major current axis for the M2 tidal current. Colour
bar is current speed in metres per second

and Ch2d = 4.0 for the stratified case, and Ch = 1.0
and Ch2d = 8.0 for the homogeneous case to ensure
stability. The coefficients Ch2d acting on the depth av-
eraged flow need to be larger than Ch due to the strong
tidal inflow which primarily forces the depth averaged
velocity components. The horizontal diffusivity Kh is
chosen to be zero, see the discussion below.

Fig. 5 SAR image (ERS1-SAT) from Moskstraumen 20. August
1994. The headland of Lofoten in the upper right corner. The
scene is from about 2 h before ebb. From Wahl (1995)
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Fig. 6 Concentration at 10 m depth at the end of the M2 period.
Colour bar is concentration. Land contour to 10 m depth

In studies like the present, unique optimal values of
the viscosities and diffusivities may not be obtained.
However, there are some general guidelines that we
have tried to follow. For instance, the values must be
large enough to filter out the grid scale noise and at
the same time small enough to allow a best possible
representation of the physical processes with the cho-
sen grid size. The horizontal viscosity may be related to
the horizontal shear, and this is often achieved by using

some version of the Smagorinsky scheme given above,
see also Haidvogel and Beckmann (1999). To allow
the representation of internal motion, the diffusivities
are kept at a minimum level or zero. The mixing then
becomes primarily controlled by the mixing associated
with the TVD scheme. The vertical viscosity is often
computed with the Mellor and Yamada (1982) scheme
or some other Richardson number-dependent scheme.
With the grid sizes used here, the vertical velocity
shear may become strong. The Richardson numbers
may accordingly become smaller than the critical value,
and the mixing may become excessive even if the grid
size is too coarse to represent overturning. A small
and constant value of Av is accordingly chosen in our
experiments. It may also be noted that, in experiments
like the present, the numerical viscosity and diffusivity
may be substantial and of the same order of magni-
tude as the specified values, see Burchard and Rennau
(2008) and Rennau and Burchard (2009). For further
discussions, see Xing and Davies (2006a) and Berntsen
et al. (2008, 2009).

In the experiments, the bottom stress vector τb(x, t)
is specified by

τb(x, t) = ρ0CD

√
u2

b + v2
b ub(x, t), (10)

where ub = (ub , vb ) and ub and vb are the velocity
components in the lowermost grid cells in the x and y
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Fig. 7 Volume flux through the section FLUXSEC in Moskstraumen. a Homogeneous conditions and b stratified conditions. West is
positive direction
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direction, respectively. The drag coefficient CD is given
by

CD = max
[

0.0025,
κ2

(ln(zb /z0))2

]
, (11)

where zb is the distance of the nearest grid point to
the bottom. The von Karman constant κ is 0.4 and
the bottom roughness parameter is chosen to be z0 =
0.01 m, see Blumberg and Mellor (1987).

The errors in the internal pressure gradients may
be significant in σ -coordinate models, see for instance
Haney (1991) and Mellor et al. (1998). In the present
experiments with relatively small grid sizes, these errors
are small. For instance in experiments with �x = 100 m
where the flow is driven only by the artificial internal
pressure gradients, the absolute value of the volume
flux through Moskstraumen remains smaller than 1 ×
103 m3 s−1, which is about 0.2% of the flux for the
stratified case for �x = 100 m, see also Berntsen et al.
(2008).

2.2 Particle tracking

In all experiments, Lagrangian tracers are released af-
ter an initial spin up of approximately two M2 peri-
ods at the time when the flow turns westward out of
Moskstraumen. The particles are released at an initial
depth of 5 m and one particle in the middle of each
horizontal cell. The Lagrangian tracers are advected
passively with the flow over one M2 period, and their
positions are updated using the equation

dxk

dt
= u3d(xk, t), k = 1, ..., M, (12)

where xk = (xk, yk, zk) is the particle position and u3d =
(u, v, w) is the three-dimensional velocity field at the
position of the particle. The subscript k indicates the
particle number and M is the total number of particles
released.

The relative horizontal dispersion is defined by

ri, j(t) = (xi(t) − x j(t))2 + (yi(t) − y j(t))2, (13)

where (xi(t), yi(t)) and (x j(t), y j(t)) are the horizontal
coordinates at time t of particle pairs with subscripts i
and j, initially released at a distance δ. It may be noted
that vertical dispersion also affect the horizontal disper-
sion. Particles at different depths are quickly separated
horizontally when the vertical shear is strong.

In order to investigate the mean horizontal relative
dispersion in the Moskstraumen,

R2(t) = 1
P

∑
i �= j

r2
i, j(t), (14)
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Fig. 8 Mean relative dispersion for each grid cell after one M2
cycle calculated for the four particle pairs related to the particle in
center of the grid cell. Initial distance of the particles is δ = 800 m
in x–y-direction. Results are given for a �x = 50 m, b �x = 100 m
and c �x = 800 m. Colour bar in square kilometres and distance
on axis in kilometres
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Fig. 9 Mean relative dispersion R2(t) for the stratified case for
δ = 800 m and �x = 50, 100, 200, 400 and 800 m

is computed over the M2 period from the time of
release, like in Orre et al. (2006). In Eq. 14, P is the
number of particle pairs initially released inside a circle
with radius 10 km, see Fig. 2.

For analysing of the separation statistics, the Lya-
punov exponential model

R2
L(t) ∼ R2(0)e2λt (15)

and the power law model

R2
P(t) ∼ R2(0) + tc1 , t > 0 (16)

are used, see Orre et al. (2006) and Poje et al. (2010).
For each experiment, best approximations in the least
squares sense of ln R2

L(t) and ln R2
P(t) to ln R2(t) are

used to estimate the Lyapunov exponents λ in Eq. 15
and the power exponents c1 in Eq. 16. For each grid
size, the sensitivity of λ and c1 to the initial distance δ

is investigated. The sensitivity of these parameters to
stratification is also explored, see Tables 1, 2 and 3.

Following Poje et al. (2010), we define a mean rela-
tive diffusivity

K(t) = 1
2

dR2

dt
(17)

where R2 is the mean relative dispersion (Eq. 14).

3 Results

The σ -coordinate model, BOM, has been run for about
three tidal periods of the main tidal constituent M2.
The area of Moskstraumen exhibits strong tidal current
with sharp horizontal shears. Figure 4 shows the semi-
major axis of the main tidal constituent M2 with a mean
current of 1.5 ms−1 on the shallow ridge between the
headland of Lofoten and Værøy consistent with the
values in Gjevik et al. (1997) and Moe et al. (2002).
The features of the tidal current in Moskstraumen can
also be seen in the SAR image in Fig. 5. The sharp
boundary between the east-going ebb tide current and
the westward flood tide current closest to the headland
of Lofoten is clearly visible in the image. In order to
visualise the frontal structures in the model results, the
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Fig. 10 a The Lyapunov exponent λ(δ) and b the power law exponent c1(δ) as functions of δ and �x inside the circle in Moskstraumen
for the experiments with stratification
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Fig. 11 Mean relative dispersion R2(t) together with the best approximations R2
L(t) and R2

P(t) for �x = 100 m for the experiments
with stratification. a Results for δ = 100 m and b results for δ = 800 m

water outside Moskstraumen was given concentration
0 and the water inside was given concentration 1 at
the beginning of the last M2 period in the simulation
with 100 m grid size and with stratification. This con-
centration is propagated forward in time over one M2

period using the same conservation Eq. 5 as for S and T.
The same values of diffusivities as for S and T are also
applied, i.e. the horizontal diffusivities are zero. The
concentration at 10 m depth at the end of the M2 period
is given in Fig. 6 and shows that the fronts between

inside water and outside water are comparable to the
features shown in the SAR image in Fig. 5.

Figure 7 gives the volume fluxes through a section of
Moskstraumen (FLUXSEC in Fig. 2). The amplitudes
of the fluxes in the last tidal cycle are approximately
0.4–0.5 Sv which is in accordance with Gjevik et al.
(1997). These amplitudes are robust to the choice of
grid size. The numerical experiments with 100 m grid
resolution have been extended in time, and the am-
plitudes of the fluxes in subsequent tidal periods are
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Fig. 12 Mean relative dispersion R2(t) for the stratified and homogeneous conditions. a �x = 100 m and δ = 100 m and b �x = 800 m
and δ = 800 m
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very similar to the amplitudes in the last tidal period
given in Fig. 7. By comparing Fig. 7a, b, we find that
stratification has only minor effects on these volume
fluxes. The apparent robustness of the volume fluxes
to stratification may partly be due to the choice of
a constant value for the vertical diffusivity. With a
Richardson number-dependent parameterization, the
vertical profile of the current ellipse and the volume
fluxes may be affected.

We will in the following focus on relative dispersion
in the studies with stratification. The largest separation
of particles occur in areas with sharp horizontal shear.
The horizontal shear is best represented in the exper-
iments with the highest spatial resolution. This may
explain that the maximum values of relative dispersion
are much higher in the results from the experiments
with �x = 50 m and �x = 100 m than in the results from
the experiment with �x = 800 m, see Fig. 8. With higher
spatial resolution, the smaller-scale features of the flow
field are also in general better represented, and this is
reflected in the large spatial variability of mean relative
dispersion for each grid cell after one tidal cycle, see
Fig. 8a, b.

The values of the mean relative dispersion R2(T),
Eq. 14, where T is the time at the end of the M2 period,
also depend on the grid size, see Table 1. By comparing
the values of R2(T) for a given initial distance δ, we
find that the mean relative dispersion increases as the
grid size is reduced. For a given value of δ, the relative
changes of R2(T) are reduced when halving the grid
size. This is for instance clearly seen by following the
column for δ = 800 m in Table 1 from the bottom to the
top. The time series of R2(t) for this value of δ is given in
Fig. 9. From Table 1 and Fig. 9, we find that the values
of R2 for �x = 50 m and 100 m are fairly consistent. For
small values of δ, the smaller-scale components of the
flow field may contribute more to the initial increase of
R2. The relative differences between the R2 values for
�x = 50 and 100 m therefore tend to increase as δ is
reduced, see also the discussion in Poje et al. (2010).

In order to analyse the growth of mean relative
dispersion, the Lyapunov exponent λ, Eq. 15, and the
power law exponent c1, Eq. 16, have been calculated
for each experiment. The values of λ and c1 for fixed
initial distance δ=800 m are given in Table 2. Both the
Lyapunov exponents λ and c1 are reduced for larger
�x, i.e. the growth of the mean relative dispersion
R2(t) inside the circle in Moskstraumen is reduced with
coarser grid resolutions. The values of λ and c1 for fixed
�x=100 m as functions of δ are given in Table 3. The
Lyapunov exponent λ increases as δ → 0. This is also
shown in Fig. 10a where λ and c1 are given as functions
of δ. The rate of growth of mean relative dispersion

increases with finer grid resolutions and smaller values
of δ. While λ increases as δ → 0, the power law expo-
nent c1 decreases as δ → 0, see Table 3 and Fig. 10b.
Figure 10 also shows a convergence of the Lyapunov
exponent λ and the power law exponent c1 for the
different grid resolutions �x as the values of δ increase,
while the values of λ and c1 are more sensitive to the
grid size for the smallest values of δ.

Figure 11 shows R2(t) for the simulation with �x =
100 m for δ = 100 m and δ = 800 m together with the
best approximations R2

L(t), Eq. 15, and R2
P(t), Eq. 16.
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section RHOSEC in Fig. 2 at maximum outflow for a �x = 50 m,
b �x = 100 m and c �x = 800 m. The distance from westward
end point of the section is given on the horizontal axis



Ocean Dynamics (2010) 60:907–920 917

The approximations R2
L(t) tend to be larger than R2(t)

for small values of t and towards the end of the simu-
lations, and R2

L(t) is smaller than R2(t) at intermediate
times. In average, this model captures the mean growth
of R2(t) over the tidal period well. The approximations
R2

P(t) systematically overestimates the initial growth
of R2(t) and underestimates this growth towards the
end of the period. This is most evident for δ = 100 m.
Accordingly, the R2

P(t) model tends to underestimate
the growth of R2(t) over the tidal period and especially
for the smaller values of δ the c1 values given in Table 3
does not reflect the true increase of R2(t).

(a)

0 5 10 15 20 25 30
-200

-150

-100

-50

0

-200

-150

-100

-50

0

-200

-150

-100

-50

0

Distance [km]

0 5 10 15 20 25 30

Distance [km]

0 5 10 15 20 25

Distance [km]

D
ep

th
 [m

]
D

ep
th

 [m
]

D
ep

th
 [m

]

26.9

25.8

25.6

27

(b)

27

26.7

(c)

30

26.7

27

Fig. 14 Density field σt (kilograms per cubic metre) from the
section RHOSEC in Fig. 2 at maximum inflow for a �x = 50 m,
b �x = 100 m and c �x = 800 m

The sensitivity of the mean relative dispersion R2(t)
to the effects of stratification is generally smaller than
the sensitivity of R2(t) to the grid size, for the range
of grid sizes applied here, see Figs. 9 and 12. For the
larger values of �x, stratification tend to act against
dispersion, whereas for smaller values of the grid size,
the R2(t) values and the Lyapunov exponents tend
to be somewhat larger under stratified conditions, see
Table 2 and Fig. 12. We should bear in mind that,
with the coarsest grid sizes used here, the effects of
stratification are not properly represented. With �x =
50 or 100 m, many, but far from all, features of
stratified flow over topography are represented, and
these processes may give an increase in the mean rel-
ative dispersion, see the discussion below and in the
final section.

The density fields along a cross section (RHOSEC
in Fig. 2) at maximum outflow and inflow are given
in Figs. 13 and 14, respectively, for �x = 50, 100 and
800 m. It is clearly seen that the perturbations of the
iso-surfaces of density from their equilibrium levels
are strongly affected by the grid size. In particular, on
outflow over the steep slope outside Moskstraumen,
there are indications of a hydraulic jump in the lee
of the sill for �x = 100 m. This jump becomes sig-
nificantly stronger in the results produced with �x =
50 m, see Fig. 13a. To resolve the detailed processes
around hydraulic jumps an even smaller grid size and
a non-hydrostatic model may be required, see Xing and
Davies (2007).

4 Discussion

The study shows that, in order to accurately predict par-
ticle dispersion in Moskstraumen, we need to resolve
the small-scale eddies and complexity of the current
field with a grid resolution of at least 50–100 m. This
will have important consequences for the development
of models for coastal management, oil spill prediction
and transport of pollutants, fish eggs and larvae. The
vertical mixing of wind wave origin (Davies et al. 2000)
also require use of high-resolution models and can be
of importance for transports in the surface layer.

We have found that mean relative dispersion R2(t)
is highly dependent of grid resolution �x and also of
the initial displacement δ of the particle pairs. The
finer grid resolutions give the largest mean relative
dispersions R2(T) after one M2 cycle and hence also the
largest growth of R2(t) shown by the Lyapunov expo-
nent λ and the power law exponent c1. The Lyapunov
exponent λ also increases as δ → 0, i.e. the growth of
dispersion is the largest for closest initial displacement
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of the particles; this is also shown in Poje et al. (2010).
There is a convergence of λ and c1 for the different
grid resolutions for the particle pairs with large initial
displacement δ. For large δ, we are in a regime where
the separation of particles mainly are influenced by the
larger eddies and dispersion is less dependent on grid
resolution. For initially close particles, the subsequent
separation is influenced by small-scale eddies and hori-
zontal shears which must be resolved in order to predict
the dispersion accurately. With a grid resolution of 50–
100 m, our calculations indicate that we have obtained
reasonably consistent values for the relative dispersion.

On a short time scale, i.e. one M2 cycle, it was found
that the mean relative dispersion R2(t) has a nearly
exponential growth with an e-folding time ranging from
about 2 h (50 m grid) to 10 h (800 m grid). Orre
et al. (2006) also found exponential growth in their
investigations in Trondheimsleia, Norway, but slower,
and with an e-folding time of about one tidal cycle.
The reason for the discrepancy in growth factor may
be that tidal current in Trondheimsleia is less energetic
than Moskstraumen and that the model used by Orre
et al. (2006) did not fully resolve small-scale eddies. The
exponential growth phase of R2(t) persists for the first
two cycles in their experiments, thereafter closer to a
power-law dependence. Poje et al. (2010) also shows an
exponential growth of R2(t) on a short time scale fol-
lowed by a slower growth. Separation on short time and
small space scale were found to be most sensitive to the
details of the advective flow and thus most dependent
on the spatial resolution of the model. On long time and
large space scale, their experiments showed that R2(t)
was insensitive to the resolution of small-scale motions.
Our results from the short time scale of one M2 cycle
are consistent with Poje et al. (2010). This emphasizes
the need of high-resolution models for calculations of
dispersion on short time scale and in current fields
where small-scale flow features are important.

For the range of grid sizes applied here, the effect
of stratification on horizontal mean relative dispersion
is found to be relatively small in Moskstraumen com-
pared to sensitivity to grid resolution. Values of λ and c1

show only small differences between simulations with
stratification and with homogeneous conditions. Our
simulations with stratification give somewhat increased
dispersion compared to homogeneous conditions for
the finer grid resolutions. The increased dispersion
may be explained by increased vertical mixing due to
stratification, resolved for the finer grid resolutions.
With higher spatial resolution, small-scale features of
the flow such as internal waves and flow separation,
see for instance Xing and Davies (2006a), may be
represented. These processes may lead to a stronger

vertical velocity shear, and the horizontal dispersion
may accordingly increase.

There is a considerable literature on topographic
effects on stratified flow, see Thorpe (2005) and
Vlasenko et al. (2005). In particular, the processes at
Knight Inlet, British Columbia, Canada, have been
investigated using both measurements and numerical
models, see Farmer and Freeland (1983), Farmer and
Armi (1999, 2001), Afanasyev and Peltier (2001a, b),
Cummins et al. (2003), Klymak and Gregg (2001, 2003,
2004) and Lamb (2004). More recently, Loch Etive,
Scotland, UK, has become a popular laboratory for
studies of flow through shallow tidal inlets, see Inall
et al. (2004, 2005), Xing and Davies (2006a, b, 2007),
Davies and Xing (2007), Stashchuk et al. (2007) and
Berntsen et al. (2008, 2009). The hydraulic jump found
in the present results for Moskstraumen is consistent
with observations and model results for Knight Inlet
and Loch Etive.

Many of the numerical studies for inlets and sills
have so far been performed with two-dimensional
cross-section models to facilitate a high horizontal res-
olution. At the interface between the descending flow
over sills and the stagnant body of fluid above, see
Fig. 13a, small-scale overturning structures, similar to
those observed at Knight Inlet (Farmer and Armi
1999), are found. Such instabilities may be modelled
with cross-sectional models and a resolution close to
1 m, see Cummins et al. (2003) and Berntsen et al.
(2009). With the present model area and a three-
dimensional model, we are able to get into the regime
in horizontal resolution where internal motion and hy-
draulic jumps may be represented. However, we should
bear in mind that there are still unresolved processes
that may be important for the small-scale mixing and
also for the dispersion of particles. These unresolved
processes include overturning rolls such as those ob-
served in Knight Inlet (Farmer and Armi 1999) and also
small-scale horizontal eddies ubiquitous to strong tidal
inlets. In future studies with smaller grid sizes, it may
also be necessary to include non-hydrostatic pressure
effects, see Xing and Davies (2007) and Berntsen et al.
(2009).

The staircase representation of the coastline at a
headland is known to influence the eddy formation
(Aldridge and Davies 1993; Davies and Jones 1996),
and a boundary type coordinate unstructured mesh
may be required (Signell and Geyer 1991; Jones and
Davies 2008). It would be of interest to examine this
effect more closely in high-resolution current models
for the headland of Moskstraumen.

By using Eq. 17, we estimate the mean rela-
tive diffusivity to be of the order 102–103 m2s−1 in
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Moskstraumen. The diffusivity related to the dispersion
of a cloud of particles relative to its centre of mass
is proportional to relative diffusivity with a constant
factor 1

2 (LaCasce 2008). We have found that the rela-
tive dispersion varies strongly in Moskstraumen (as dis-
played in Fig. 8a, b) and accordingly also the diffusivity.
Spatial variations of the dispersion coefficient has ear-
lier been discussed by, e.g. Geyer and Signell (1992).
They conclude that attempts to quantify tide-induced
dispersion by a dispersion coefficient are likely to fail
because such parameterization will predict uniform
spreading in an area of very complex and patchy dis-
tribution. Hence, models for prediction of transport
and dispersion of oil spill, fish eggs/larvae, sea lice etc.,
using a single diffusion coefficient, will be of limited
value, unless the models actually resolves the small-
scale eddies of the tidal current.
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